PHYSCON 2015, Istanbul, Turkey, 19-22 August, 2015

MONOTONICITY OF LYAPUNOV TYPE FUNCTIONS FOR
MEASURE-DRIVEN DIFFERENTIAL SYSTEMS

Olga Samsonyuk
Matrosov Institute for System Dynamics and
Control Theory of Siberian Branch of
the Russian Academy of Sciences

Russia

samsonyuk.olga@ gmail.com

Abstract

This paper deals with impulsive dynamical systems
with trajectories of bounded variation and impulsive
controls (regular vector measures). Definitions of
strong and weak monotonicity and V'-monotonicity of
Lyapunov type functions with the corresponding in-
finitesimal conditions in the form of Hamilton—Jacobi
inequalities are proposed.
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1 Introduction
This paper deals with the nonlinear impulsive control
systems that formally can be described as follows

dr(t) = f(t,z(t),u(t))dt + G(t, z(t))m(k), (1)

u(t) eUae.onT, 7(pn)eWT,K). (2
Here, 7" is a time interval in R, U is a compact set
in R", K is a convex closed cone in R™, z(-) €
BV (T, R"™), where BV (T, R") is the Banach space
of R™-valued functions of bounded variation on 7', u(-)
is an ordinary control, and 7 () := (p, y(1t)) is an im-
pulsive control such that

i) p is a K -valued bounded Borel measure on 7';

i) y(p) is the set {ds, ws(+) }ses, where components
satisfy the following conditions:

(@ S D Sa(p) :={seT|u{s}) #0},Sisat most
denumerable set in 7;
(b) VseS ds > 0,ws:[0,ds] = co K1,

dy > [lu({s))]l / “wy(r)dr = u({s));

(©) st < 00.

seS

Here, Ky = {v € K | [[o]l = 1}, Iloll = 7, [yl
and co A is the convex hull of a set A.

The set of the impulsive controls, W(T, K'), consists
of all 7(u) satisfying conditions 1), ii). The solution
concept of (1), (2) was stated in [Samsonyuk, 2015;
Samsonyuk, 2014] and is a modification of the notion
of generalized solution introduced in [Miller and Rubi-
novich, 2003; Miller, 1993; Miller, 1996] and, for K =
R™, [Zavalishchin and Sesekin, 1991; Zavalishchin
and Sesekin, 1997]. Also it closely concerns the solu-
tion concept from [Motta and Rampazzo, 1995; Motta
and Rampazzo, 1996] and [Arutyunov, Karamzin, and
Pereira, 2010; Bressan and Rampazzo, 1988; Pereira
and Silva, 2000]. This concept is presented in detail in
the next section.

In this paper, we focus mainly on the study of some
monotonicity properties of a continuous Lyapunov type
function relative to the impulsive control system (1),
(2). Definitions of strong and weak monotonicity and
V-monotonicity are proposed and discussed. The set of
conventional variables ¢ and x of Lyapunov type func-
tions is now supplemented with a variable V, which, on
the one hand, is responsible for the impulsive dynam-
ics of (1), (2) and has the property of a time variable
and, on the other hand, characterizes some resource of
the impulsive control. We will show that such double
interpretation of variable V' leads to different defini-
tions of monotonicity, which are called monotonicity
and V-monotonicity. For Lyapunov type functions, in-
finitesimal conditions of monotonicity in the form of
Hamilton—Jacobi type proximal or differential inequal-
ities are presented.

This paper is organized as follows. The solution con-
cept of (1), (2) is given in Section 2. In Section 3,
definitions of strong and weak monotonicity and V-
monotonicity of Lyapunov type functions are proposed
and discussed. Sections 4 and 5 are devoted to the



infinitesimal conditions of monotonicity in the form
of Hamilton—Jacobi proximal and differential inequali-
ties.

2 The solution concept

In this section, we describe the set of solution of (1),
(2) as a closure of the set of absolutely continuous so-
lutions, where the closure is understood in the sense
of the convergence in Hausdorff metric for graphs of a
supplemented absolutely continuous trajectories.

Suppose that the following assumptions hold.

(H1) The functions f (¢, z, u), G(t, ) are continuous;
for any compact set () C R™ there exist constants L1,
Lo > 0 such that

|f(t,x1,u) - f(th?vu)‘ < L1|J)1 - $2|a
|G(t,x1) — G(t, 22)| < La|z1 — a2

whenever (t, 21, u), (t,22,u) € T x Q x U; moreover,
there exist constants c1, co > 0 such that

[f(tz,u)] <er(T+z), |Gt 2)] < el 4+ [a])

whenever (t,z,u) € T x R™ x U. Here, | - | denotes a
vector or consistent matrix norm.

(H2) The set f(t,z,U) is aconvex setV (t,x) € T x
R™.

Let us consider a conventional kind system governed
by the standard control dynamics on T' = [tg, t1]

i(t) = f(t,z(t),u(t)) + G(t, z(t))v(t), Q)

u(t) eU, wo(t)e K aeonT. 4)

Here, z(-) is an absolutely continuous function such
that z(tg) = 29 € R™, u(-) and v(-) are L£-measurable
bounded vector-functions.

Let V (-) be defined by the rule

V() = / Jo(o)]de. )

A pair of functions (z(-), V(+)) =: 33°(-) is called a
supplemented trajectory of (3), (4) if z(-) is a solution
of (3), (4) for some u(-) and v(-) and V(+) is defined by
(5).

Let A and B be non-empty compact subsets of R"*2,
Define Hausdorff distance d(A, B) between A and B
by the rule

d(A,B) =min{e >0 : AC B*, BC A%},

where

Af = U B.(x), B*f:= U B (x),

and B.(z) is the closed ball of radius € and center x.
Define the following objects:

graph »{° 1= {(t,x,V) cteT, (z,V) = %{L/C(t)};
T

Ga< (to, o) = { graph i | () satisfies (3)—(5)}.

Let Gr(to, xo) be the closure of set G°(to, xo) in sense
of Hausdorff metric. Now let us consider set-valued
functions sy : T < R™ x Ry such that their graphs
are in Gr(to, xo). Denote by T (tg,zo) the set of all
such set-valued functions, i.e.

T (to, o) == {%V : T — R" x Ry | graphsy €
T

Gr(to, »’Co)}

Definition 1. Let a set-valued function sz, be in
T (to, o). Then sy is said to be a generalized solu-
tion of (3), (4) as well as a supplemented trajectory of
impulsive control system (1), (2).

Note that any selection (x(-),V/(+)) of sy is a func-
tion of bounded variation on T' = [tg, t1].

Let o be a K-valued bounded Borel measure on 7'
Given p, let Sq(p) be the set {s € T' | u({s}) # 0},
1 be the continuous component in the Lebesgue de-
composition of y, and |x.| be a total variation of the
measure /.. In [Samsonyuk, 2014] the following result
was proved.

Lemma 1. 1) Let sy be in T (to,xo). Then there
exists u(-), w(u) satisfying (2) such that the following
conditions hold:

)Vt € T/S wy(t) = {(fj(t),f/(t))}, where
Z(-) and V (-) are defined by the rule:

Z(to) = o,

E(t) = xo + /tt F(t,2(t), ult))dt+
4 /t:G(mEt))ﬂc(dt) ©
+ Y (@) —50(5—)), t € (to, tal,

where, for each s € S, T(s) = z5(ds) and zs(-) is a
solution of the differential equation

dZ;S—) = G(s,25(1))ws(1), 7
z2s(0) = Z(s—), 7 €10,ds],

V() =lpe(t )l + X da,
s>t,seS (8)

tefto,t1), V(t1) =0;



ii)Vse S

: [to,tl] — Rn+1
mw(w). Then sey €

2) Let a set-valued function
satisfy conditions i), i) for some u(-),
T(t0,$0>.

In [Samsonyuk, 2015] the following result was
proved.

Lemma 2. A set-valued function sy T —
R™ x Ry is a supplemented trajectory of (1), (2)
iff for any selection (SE(),V()) of sy there exists

{@r(-), Ve (), ui(-), vi(-) } such that
i) functions xk( ), Vk( ), uk(+), and vi () satisfy (3),
@),

ii) supy [[on (|2, < o0

i) xp(t) = z(t), Vi(t) = V(t) Vi € [to, t1].

Note that the generalized solutions of (3), (4) (and
consequently supplemented trajectories of (1), (2)) can
be considered in the reverse time; i. e. for ¢ < ¢;. In this
paper we will consider (1), (2) both forward and back-
ward in time. Then for the system considered forward
in time a supplemented trajectory will be denoted by
%‘f and named right supplemented trajectory; for the
system considered backward in time a supplemented
trajectory will be denoted by s¢;, and named a left sup-
plemented trajectory.

Now let us summarize the solution concept by the fol-
lowing definition.

Definition 2. Let u(-) and 7w(p) = (u,y(p))
satisfy (2) for T = [to, tl] The set-valued functions

t [to, t1] — R™HL 5qb 2 [to, t1] < R T are said
to be left and right supplemented trajectories of (1), (2)
corresponding to u(-), w(x), and an initial condition
xo € R™ if the following conditions hold:

hveteT/S
sy () = {(E(), V(1) },
b (1) = {(&(), V(1) },

where Z(-) is defined by (6),

V() = [pe([to, )] + V<tZ’ESds,
(t07t1]v V:(t70) =0,
V() = |/ie([f t)l + >tzesdm
te [to,t1)7 V-F(t’l) = 0;
ii)Vse S

{(zs(r52(s)), V= (s—) +
s (s) = { (2 (73 2(5—)), V' (s) =

T)|T€ [O,ds]},
)| T €[0,ds]}.

()}, te (to, ta],
( t))} VtE to,tl)

3 Definitions of monotonicity

In this section, definitions of strong and weak mono-
tonicity and V'-monotonicity of Lyapunov type func-
tions relative to the impulsive system (1), (2) are pro-
posed.

Let (t,z,V) — ¢(t,x,V) be of a continuous func-
tion. Let us begin with definition of strong and weak
V-monotonicity.

Let (ta, o) € [a,b] x R™, V,, > 0. Define two sets
of supplemented trajectories:

TV; (tou-ra) =

= {%\;’ te [a,ta} ’ %\;(toc"') = {(xa,Va)}},

Tt (tas ) =

= {%\t’ t € [ta, 0] ’ %\t(ta_) = {(xaavoc)}}~

Thereby set 7y, (ta,*q) consists of the supplemented
trajectories, ¢, considered backward in time ¢ <
and started from z,, at the time ¢, and set T‘}; (ta, Ta)
consists of the supplemented trajectories, %3, consid-
ered forward in time ¢t > t, and started from x, at
the time ¢,. In other words, for given (to,Zq, Va),
the graph of >y € Ty, (ta,xq) finishes at given point
(ta,Tw, V) but the graph of 3¢y € T‘j; (to,Tq) starts
at this point. On the corresponding interval [a, ] or
[ta, b] trajectory 3¢y is approximated by a sequence of
absolutely continuous trajectories of (3), (4) with the
resource of impulsive control V.

Let M > 0. Below, M is permitted to be M = +o0;
in this case, [0, M] := [0, +00).

Let graph sy be the graph of a set-valued function

[to,t1]
sy oninterval [to, t1] C [a, b]; i.e. graph sey =
[to;t1]

{(t,fﬁ, V) | te [to,tl], (l‘,V) = %V(t)}.

Let Qu(ta, Za, Va) consistof (t,2,V) €
[0, M] such that

[a,b] x R™ x

W(tv‘rv V) > (p(t()t7x(l7 Va)-

Definition 3. ¢ is strongly V-increasing if for any
(tasTa) € [a,b] x R™ V,, € [0, M] and any s €
7“;; (ta, o) the following inclusion

graph sry C Qu(ta; Ta, Va) (10)
[ta:d]



is fulfilled.

Definition 4. ¢ is weakly V-increasing if for any
(ta;za) € T x R™ and V,, € [0, M] there exists
»ny € Tvt (ta, o) such that inclusion (10) is fulfilled.

The next two definitions give V'-monotonicity condi-
tions considered backward in time.

Definition 5. o is strongly V -predecreasing if for any
(ta,Ta) € [a,b] x R™, V,, € [0,M] and any sy €
Ty, (ta; Ta) the following inclusion

graph sry C Qu(ta; Ta, Va) (11)
la,ta]

is fulfilled.

Definition 6. ¢ is weakly V -predecreasing if for any
(ta, o) € T x R™ and V,, € [0, M] there exists sy €
Ty (ta, To) such that inclusion (11) is fulfilled.

Let us briefly comment on these definitions. Let
Qo (ta, Ta, Vo) be the set

Q+ tOé; zoza

UQ tou Loy a)

where for elements of Qg (tos Tay Vo) we have t > t,;
for Q_ (ta, Ta, Va), t < to. Then ¢ has the property of
strong or weak V'-monotonicity iff set Q:g (to, T, Vi)
has the corresponding strong or weak V-invariance
property relative to the impulsive system (1), (2).
For the monotonicity property considered backward
in time, it takes place for Q) (tas Ta, Vo) (see [Sam-
sonyuk, 2015]).

Note that in Definition 3 and 4 we use right supple-
mented trajectories but in Definitions 5 and 6, left ones.
It is not convenient in some case, for example, when ¢
is a value function in dynamic programming and needs
both strong monotonicity forward in time and weak
monotonicity backward in time.

Now let us define properties of strong and weak mono-
tonicity. Denote by T[O 1]\4 and T[M] 0l correspondingly
the sets of all left or r1ght supplemented trajectories of
(1), (2) defined on interval [a, b] and such that its V-
component is bounded by M > 0. We will consider
the restriction of these sets for interval [a, t,] or [tq, b].

Definition 7. ¢ is strongly increasing if for any
(tasxa) € [a,b] x R™, V,, € [0, M] and any 3¢y €
’7&[2’%] satisfying condition scy (t,—) = (24, Vy) the
following inclusion

g[rapjh ny C Qtp(tou Ty Va)
b b

is fulfilled.

Definition 8. ¢ is weakly predecreasing if for any
(tas®a) € T x R™ and V,, € [0, M] there exists sey €
71[0,1/?] satisfying condition sy (to+) = (24, Vi) and

a,t

such that

graph »y C Qtp(tav Lo, Va)‘
[U'»ta]

Definition 9. ¢ is weakly increasing if for any
(tasxa) € T x R™ and V,, € [0, M] there exists sy €
7{&{;}?] satisfying condition sy (to—) = (24, Vi) and
such that

graph ny C Qtp(tav Ty Va)~
[ta,b]

Definition 10. ¢ is strongly predecreasing if for any

(ta,Ta) € [a,b] x R™, V,, € [0, M] and any sy €
7{5‘1? satisfying condition s¢y (to,+) = (x4, Va) the

following inclusion

graph sy C Qu(ta, Ta, Va)
[a,ta]

is fulfilled.

Note that in Definitions 7-10 we say about the restric-
tion of trajectories on [t, b] or [a, t4].

It is easy to prove that if ¢ is strongly V-increasing
then ¢; defined by the rule

o1t 2, V) =pt,z, M = V)

is strongly increasing. But if ¢ is weakly V-increasing
then ¢ is also weakly increasing. For more details, see
[Samsonyuk, 2014].

4 Monotonicity conditions for smooth Lyapunov
type functions

Let us give brief summary of monotonicity conditions
for smooth Lyapunov type functions. Let (¢, z, V') be
a twice continuously differentiable function.

Define functions hg, hi, Hg, and H; by the rule:
ho(t,l‘,’(/)) = L%l[l]l@ﬂ,f(t,d?,ﬂ», hl@@ﬂ/’) =
min (¢, G(t, x)w), Ho(t, x, 1) = max{(y, f(t, z,u)),
weK, uclU
Hi(t,z,0p) = wme%(xlw, G(t,z)w). Note that these

functions are counterparts of the lower and upper
Hamiltonian with respect to ordinary and impulsive
controls for (1), (2).

Define Hamilton—Jacobi type differential operators

Yol Tle] v-[p], and T[] :

VNel(t,z, V) =
min {(got + ho(t, x,gpx))wo—i—

wp,w1 >0
wotwy =1

+(SOV + hl(ta x, SO;C))W1}7

Llel(t, 2, V) :=
max  { (¢ + Ho(t, , ¢z))wo+

wp,w1 >0
wp+twi=1

+(pv + Ha(t, z, p0))wr },



’Y—[Sd(tvxvv) =
min {(pt + ho(t, z, 0sz))wo+

wQ,wy 2
wotwy=1

+(7@V + hl(t7 €z, @I))wl }7

T_[g](t,x,V) =
max  { (¢ + Ho(t, , ¢z))wo+

wp,w1 >0
wptwi=1

+(—ov + Hilt,z,04))wr }.

We shall use the following notation: t(-,-) :=
o(t,), ¢V (-,+) == »(-,-,0). To simplify the record
of statements, let the following agreements hold: the
differential inequalities containing one of y[¢], I'[¢],
~v—[¢], or T[] are considered V (¢, z, V) € (a,b) x
R™ x (0, M); the differential inequalities containing
¢V are considered V (¢, z) € (a,b) x R™ and for ¢,
V(x,V)€R" x (0, M) and givent = a ort = b.

Monotonicity conditions for smooth Lyapunov type
functions ¢ are given by the following differential in-
equalities.

Strong monotonicity conditions:

1) increasing or V-preincreasing <

Vel(t, z, V) = 0; 12)
2) decreasing or V -predecreasing <

Lle)(t, 2, V) < 0; 13)
3) preincreasing or V-increasing <

V-lel(t, =, V) = 0; (14)
4) predecreasing or V' -decreasing <

T_[p](t,z, V) <0. (15)

Weak monotonicity conditions:
5) predecreasing or V -predecreasing <

Vet 2, V) <0,
SDE/O +h0(taxa§0¥0) < Oa

(16)
oy +ha(t z, 0) <0,
t = a;
6) preincreasing or V-preincreasing <
Lle](t, 2, V) > 0,
Vo %
P +H0(tawimo) ZO) (17)

oY+ Ha(t,x, 0h) >0,
t=a;

7) decreasing or V' -decreasing <

v-[e](t, 2, V) <0,
©° + ho(t,, oY) <0

(18)
_SOT{/ + hl(ta x, 903:) S 07
t=2b;
8) increasing or V-increasing <
I_[g](t,z,V) =0,
Vo Vi
0"+ Holt,x, 0,° (19)

) >0,
—ob + Hi(t, @, k) >0,
t=0b.

Note that for strong monotonicity we have

Vet z, V) >0 <
@t + ho(t, =, 02) >0,
pv + hl(tvxa(pa:) > O;

Tlel(t,z,V) <0 <
Pt + Ho(taxa§0$) < Oa
ov +Hi(t,z,92) < 0.

But, for weak monotonicity,

Vet 2, V) <0 <
min{(pt + ho(t,x, @I)v v + hl(taxa Sox)} S 07

Llel(t,z,V) >0 <
maX{@t + H[)(tvxv @m)7 SOV + Hl(t, Z, gpm)} 2 0

Thereby the set-valued maps (¢, 2z, V) — wo(t,z, V),
and (¢t,z,V) — wi(t,z,V) defined by minimizing
values of wg and w; for each (¢, z, V') are lost.

5 Monotonicity conditions for nonsmooth Lya-
punov type functions

Now let ¢(t,z,V) be a continuous function. Then
monotonicity conditions are formulated via Hamilton—
Jacobi type proximal inequalities. Let us consider only
three monotonicity properties that are often used for
optimal impulsive control problems.

Denote by dpy(t,z,V) and 07 ¢(t,z,V) the prox-
imal subdifferential and superdifferential of the func-
tion ¢ at the point (¢,xz,V); moreover, denote by
Ng (t,x,V) the proximal normal cone to @, at
(t,z,V).



Let us recall [Clarke, Ledyaev, Stern, and Wolenski,
1998; Vinter, 2000] that a vector p € R* is called a
proximal subgradient of y — (y) at a point y if there
exist a neighborhood @ of the point y and a constant
¢ > 0 such that

() > o(y) + (pz—y) —cz—y|* VzeQ.

This inequality implies that locally (in a neighbour-
hood of y) ¢ has a quadratic lower support function
at the point y with gradient p at this point. The prox-
imal subdifferential Opp(y) consists of all such sub-
gradients. It may be an empty set; in this case, the
respective proximal inequalities given below are as-
sumed to hold automatically at the point y. Note that
Opp(y) C {Vp(y)} for a differentiable ¢; moreover,
if ¢ is twice continuously differentiable at the point y,
then this inclusion turns into an equality. The prox-
imal superdifferential 3" ¢ is introduced in an anti-
symmetric way and is formally defined by the equality
" o(y) = —0p(—¢(y)).

Now let us consider the following three systems of

conditions, which consist of proximal inequalities of a
Hamilton—Jacobi type.

Condition (A):
(Al) pt+h0(tax7pa:) 207 pV+hl(t7xapw) ZO

Vp = (ptapmap\/) S 8P@(t,x,V),

Y (t,z,V) € (a,b) x R™ x (0, 4+00);
(Az) Dt + ho(t,ﬂ?,pm) 2 0

V(ptapz) S aPSOVO(t’x)’

V(t,x) € (a,b) x R™;

V (pz,pv) € Opp'(x, V),
YV (t,z,V) € {a;b} x R™ x (0, +00).

Condition (B):
(Bl)  max [(pe + Ho(t, =, ps) ) wo+
wotwy=1

+(7pV + Hl(tvx7px))w1] > 0

Vp = (pt7pw7pV) S 8P90<t755a V)a

V(t,xz,V) € (a,b) x R™ x (0, 400);
(B2) pi + Ho(t,z,pz) >0

v(pt,px) S 8P¢V0(t7x)7

V(t,x) € (a,b) x R
(B3) —pv+ Hl(twrapw) > 0

YV (pa,pv) € 0P ¢! (2, V),

Y (t,z,V) € {a;b} x R™ x (0, +00).

Condition (C):
€1 min_[(pe + ho(t, z,pa) )wot

wp,w1 >0
wotwy=1

+(pv + hi(t, @, py))wi] <0
Vp = (pt,paspv) € 0P p(t,2,V),
V(t,z,V) € (a,b) x R™ x (0, +00);
(C2) pt+ho(t,z,p:) <0

V (e, pz) € aPQDVO(tvx)a
V(t,z) € (a,b) x R™;

(C3) 1A% + hl(taxapm) S 0
v(pm’pV) S apwt(l‘>v)7
V(t,z,V) € {a;b} x R™ x (0,4+00).

Theorem 1.

1)  is strongly increasing iff condition (A) holds;
2) @ is weakly increasing iff condition (B) holds;
3) @ is weakly predecreasing iff condition (C) holds.

6 Conclusion

In this paper inequalities of Hamilton—Jacobi type
for nonlinear impulsive control systems with trajecto-
ries of bounded variation has been considered. Ha-
milton—Jacobi inequalities and equations play a funda-
mental role in the control theory, namely in the prob-
lems of stability, invariance, and attainability of con-
trolled dynamical systems (see, for example, [Aubin
and Cellina, 1984; Bardi and Capuzzo-Dolcetta, 1997,
Clarke, Ledyaev, Stern, and Wolenski, 1998; Gurman,
1997; Guseinov and Ushakov, 1990; Krotov, 1996;
Krotov and Gurman, 1973; Lyapunov, 1892, 1992;
Subbotin, 1995; Vinter, 2000; Motta and Rampazzo,
1996; Matos, Pereira and Silva; Pereira and Silva,
2002; Pereira, Silva and Oliveira, 2008]). Such ap-
plications essentially use the properties of the weak
and strong monotonicity of solutions of Hamilton—Ja-
cobi inequalities. These solutions are interpreted as
Lyapunov type functions. Some applications of the
Lyapunov type functions for impulsive optimal control
problems are in [Dykhta and Samsonyuk, 2010; Sam-
sonyuk, 2010; Dykhta and Samsonyuk, 2011; Sam-
sonyuk, 2011], where some families of the strongly and
weakly monotone Lyapunov type functions are applied
to necessary and sufficient global optimality conditions
corresponding to the approach of the canonical Hamil-
ton—Jacobi theory.
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